Entropy properties of the superposed photon-subtracted two-mode coherent states are quite different from that of the single state. Tsallis entropies of the superposed states have extreme values, while that of the single state change monotonously. Further, it is found that the positions of the maxima of the entropies are independent of the entropic index. Around the maxima of the entropies, the entanglement transfer from the superposed states to two initially separable qubits is nearly complete.
Introduction
As an important type of two-mode continuous variable correlated states, the SU(1, 1) coherent state [1, 2] has attracted a lot of investigations including its squeezing and statistical properties [3] , superpositions [4] , entanglement properties and entanglement transfer to qubits [5] [6] [7] [8] . In quantum information network, a continuous variable system easily propagates entanglement while a qubit system is easy to manipulate. Therefore, the studies of entanglement transfer from a continuous variable system to a qubit system [6] [7] [8] [9] [10] [11] [12] are primary important due to their practical applications. The former investigations show that the entanglement of the qubits seems irrelevant of the magnitude of the entanglement of the initial continuous variable field [6] .
In this paper, we study the following superposition states of two photon-subtracted SU(1, 1) coherent states |ψ m (ξ, p) = (ab) m (|ξ, p + δ e i ϕ e i β ξ, p )/ √ N , (1) where |ξ, p is the SU(1, 1) coherent state [1, 2] , a, b are the annihilation operators of the field modes, δ, ϕ, β are all real parameters, m is an integer, N is a normalization factor (to be given below). States (1) are the superpositions of the two photon-subtracted SU(1, 1) coherent states (ab) m |ξ, p and (ab) m | e i β ξ, p . Of course, states (1) can also be named the photon-subtracted superposition states of two SU(1, 1) coherent states |ξ, p and |e i β ξ, p . In the case of m = 0, the states (1) are the superpositions of two SU(1, 1) coherent states differing in phase by β. The angle 0 ≤ ϕ ≤ 2π affects the interference of the two coherent states. When δ = 1, β = π and ϕ = 0, π, the state |ψ 0 (ξ, p) becomes the even and odd SU(1, 1) coherent states. When δ = 1, the superposition coefficients are different in magnitude.
Using the scheme proposed in [4] , the state |ψ 0 (ξ, p) can be generated by assuming that initially the two-level atom is in the state (|g + δ e i ϕ |e )/ √ 1 + δ 2 and the field in the state |ξ, p . To generate |ψ m (ξ, p) , we inject a two-level atom in the ground state into a cavity prepared in the state |ψ 0 (ξ, p) . In the case of on-resonant interaction and a very short interaction time [13] , the wave function of the whole system becomes |ψ(t) = exp −igt(a
Then, the state of the atom is detected. If the atom is found to be in the excited state, the field will be in the state ab|ψ 0 (ξ, p) , which is a photon-subtracted superposition state. Repeating the process gives the state |ψ m (ξ, p) . For p = 0, the state |ξ, p becomes the two--mode squeezed vacuum state [6] and |ψ m (ξ, p) is the superposed photon-subtracted two-mode squeezed vacuum states. Our calculations mainly focus on this case.
For pure states, entanglement can be measured by the linear entropy [5, 14] or the entropy of the reduced density matrix [15, 16] 
where ρ A = Tr B ρ AB is the reduced density matrix with ρ AB being the density matrix of the system having two subsystems A and B. The entropy of the reduced density matrix and the linear entropy are special cases of the Tsallis entropies [17] [18] [19] [20] :
where q is the entropic index. For q = 1, 2, the Tsallis entropies (3) reduce to the entropy of the reduced density matrix (3) and the linear entropy, respectively. Therefore, as a unified description of entanglement, we may calculate the Tsallis entropies. The Tsallis entropies have been used to describe many complex physical phenomena such as hydrodynamic turbulence [21] , fluxes of cosmic rays [22] , astrophysics [23] , etc. There are also many discussions about using the non-extensive statistical mechanics to describe quantum entanglement [24] [25] [26] [27] [28] [29] [30] .
In this paper, we study the Tsallis entropies of the Schrödinger cat states (1) and the entanglement transfer to two initially separable qubits. Numerical calculations show that when δ > 0 and ϕ, β are both around π, the Tsallis entropies of (1) have extreme values and the positions of the maxima are independent of the entropic index q. Furthermore, at the maxima of the Tsallis entropies, the entanglement of the two qubits takes maximum values. Our arrangements are as follows. The next section is the Tsallis entropies of the superposition states (1) . The third section is the entanglement transfer from the superposition states to qubits. The final section is the summary.
Entanglement of the superposition states
For p = 0, the SU(1, 1) coherent state [1, 2] reduces to the two-mode squeezed vacuum state
where
is the normalization constant and |ξ| ≡ r is less than one. In terms of Fock states, the wave function (1) can be rewritten as
The normalization factor is found to be
The corresponding Tsallis entropies are
where the subscript "f" means field.
At first we point out that Tsallis entropies of the photon-subtracted SU(1, 1) coherent state (ab) m |ξ, p change monotonously, which is similar to that of a single two-mode coherent state [5, 6] . Without loss of generality, we set δ > 0 for the superposition states (1) . Numerical calculations show that for odd m, the Tsallis entropies change monotonously, too. However, for even m, the Tsallis entropies have extreme values when ϕ, β are around π as seen from Fig. 1 for δ = 1.30 , m = 4 and ϕ = β = π. One may notice that the position of the maxima is independent of the entropic index q. In Fig. 1 , the maxima appear at r = 0.026 for different q. For ϕ = 0.95π, β = π, the maxima are found to be at r = 0.031. At the maxima of the Tsallis entropies, the entropy of the reduced density matrix is near one. We see that for different entropic index q, the values of the Tsallis entropies are different, but the behaviors are similar. That is to say, using the Tsallis entropies to measure the entanglement is appropriate. Numerical calculations also show that the extreme value of the Tsallis entropies vanishes when ϕ = β = π and δ ∼ = 1. This conclusion is true for arbitrary m. If ϕ or β is not π, there will be extreme values for the whole range δ, roughly speaking from 0.4 to 2.5.
To understand the properties of the Tsallis entropies qualitatively, for odd m we rewrite the wave function (6) as (To be mathematically simple, here we take the case ϕ = β = π as an example.)
For even m, the state (6) can be cast into
The terms within the square bracket in (9) 
where 1 ≥ x ≥ 0 and θ is real. The Tsallis entropies of the entangled number states are
which is zero for x = 0, 1 and has a maximum at x = 1/2.
The position x = 1/2 of the maximum entropy is independent of the entropic index q. At the maximum, the absolute values of the coefficients before the two Fock states |n, n and |n + 1, n + 1 are equal:
Applying this condition to (9), we have
which is greater than one for 2.5 > δ > 0.4 and arbitrary n. For the state (10), we have
which is less than one. As |ξ| is less than one for the states (1) or (6), it is understandable that there are no maxima for odd m and exist maxima for even m.
In the next section, we will see that the maxima of the Tsallis entropies are very important to the entanglement transfer from the superposition states (1) to initially separable qubits.
Entanglement transfer from the superposition states to qubits
In interaction picture, the qubit-field interaction Hamiltonian is
where |g and |e denote, respectively, the ground and excited states of the qubit, σ z is the Pauli matrix, ∆ a denotes the detuning between the field mode frequency and the corresponding qubit transition frequency. Replacing a by b in (15), we have the interaction Hamiltonian of mode b with the other qubit. The time evolution operator of the whole system is then
The operator u b (t) is obtained by replacing a with b in (17) . Assuming that the initial state of the field is (1) and the two qubits are both at the ground states, the wave function of the whole system at any time is |ψ(t) = U (t) |ψ |gg . 
where the matrix basis is chosen as {|ee , |eg , |ge , |gg }. The coefficients in (20) are
Using (20) and (21), we can study the entanglement between the two qubits.
There are different ways to quantify the entanglement of the two qubits, such as the concurrence [31, 32] and the negativity of the partial transposition of the reduced density matrix [33, 34] . The concurrence is defined as
with λ i being the square roots of the eigenvalues of the matrix R = ρ qu Sρ * qu S, where S = σ y ⊗ σ y and * stands for the complex conjugate. For the present system, the square roots of the eigenvalues of the matrix R are found to be [33, 34] . In our case, we have
(25) Numerical calculations show that the concurrence and the negativity are equal to each other for p = 0.
For g a = g b = g, the concurrence reaches its maximum value at the scaled times gt = (0.5 + k)π (k is an integer). For example, when δ = 1.30, m = 4, g a = g b = 1, ∆ a = ∆ b = 0 and ϕ = 0.95π, β = π, the maximum of the Tsallis entropies appears at r = 0.031 and the concurrence C is 0.9995, 0.9996 and 0.9995 at the times gt = π/2, 3π/2, 5π/2, respectively. At these times, the two qubits are almost maximally entangled. If |ξ| deviates from 0.031, the concurrence decreases obviously as shown in Fig. 2 for gt = 3π/2.
From Fig. 1 , one can see that the Tsallis entropies become larger and larger when |ξ| is greater than 0.3. However, the entanglement of the two qubits does not increase with the increasing |ξ|, which agrees with the former calculations using the single two-mode coherent states [6] . Actually, for larger |ξ|, the concurrence becomes very small. For example, the largest possible concurrence is about 0.1 for |ξ| = 0.6. The concurrence tends to zero when |ξ| is greater than 0.7. The concurrence and negativity corresponding to other maxima of the field (1) have similar behaviors. To understand the above effective entanglement transfer at the maxima of the Tsallis entropies, it may be helpful to consider the case that the initial field is the entangled number states (11) . For the entangled number states (11), the concurrence and negativity are both C = ε = 2 x(1 − x). Under the conditions that ∆ a = ∆ b = 0, g a = g b = g and the qubits are initially at the ground states, the concurrence and the negativity of the qubits are found to be equal In case that the particle number difference p is not zero, the concurrence and negativity become much smaller. For example, when p = 2, δ = 1.30, r = 0.022, m = 4, ∆ 1 = ∆ 2 = 0, g a = g b = 1 and ϕ = β = π, the largest possible concurrence is 0.974 at gt = 4.53.
From the above discussions, we see that when m is even and ϕ, β are around π, the concurrence and negativity of the two qubits tend to unit. In other words, the two qubits are nearly maximally entangled.
Summary
We have studied the Tsallis entropies of the superposed photon-subtracted two-mode squeezed vacuum states and the entanglement transfer to two initially separable qubits. For odd m, there are no special results. But for even m, a new phenomenon appears: the Tsallis entropies can have extreme values. Further, the positions of the maxima are independent of the entropic index q. When the Tsallis entropies take the extreme values, the two qubits can be almost maximally entangled. The initial field and the qubit-field interaction Hamiltonian presented here can be realized experimentally. Hence, the results presented in this paper can be tested.
